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Introduction

This paper presents the results of recent efforts to calculate
the eddylviscosity énd the effect of mass injection into the boundary
layer including chemical reactions.

Although the modified van Driest~Clauger eddy viscosity model
by Cebeci et al.? provides good results for external air flow, the
adequacy of this model for nozzle flow with com
a strongly cooled wall has not yet been verified due to limited
experimental data. Even for nozzle air flow the modified van Driest-
Clauser eddy viscosity model does not show the experienced relaminari-
zation tendency in the nozzie convergent section and exhibits an

unrealistic decrease of eddy viscosity dowmstream of the throat toward
the nozzle exic,? - L L

In order to include the effects of the past history of flow
and the strong temperature variation'across‘the boundary layer due to
chenical reaction or wall cooling, the turbulent kinetic energy
- equation has been introduced for the solution of the Reynolds stress
in this study. A kinetic energy approach was conducted for incom-
presgible flow by Rottaa, Glushko"9 Bradshaw et al.s, Donaldson®,
Maise and McDonald?, and Beckwith and Bushnell?. Patankar and
Spalding® caleulated compressible turbulent bouné;ry layer flow with

a similar method but could not attain satisfactory agreements of the

skin friction and the heat transfer results with experimental measure-
-2



ments.

Iﬁ this_analysis, the Reynolds stress and the turbulent kinetic
energy are related with the gradient of mean velocity according to
Prandcl and Wieghardt‘". The turbulent kinetic energy equation,
derived from the Navier-Stokes equations, is sﬁmpiified acéording

>, The constants in the reduced form of the turbulent

to Rotta
kinetic energy equétion‘are obtained from iterations of numerical

. calculations and comparisons of results with available experimeptal

data fo; iﬁcompressible flow with or without mass injecfion, assuming-
the compressibility effects hidden in these constants to be negliglble.
The profile of the eddy viscosity across boundary layers and boundary
layer thicknesses calculated for supersonic flow of M = 2.5 are in

good agreement with experimental data.,1:-y‘Squire:"2’-13 . Caléulatioﬁs

are also performed for subsonic air flow with.iniection of pure nitrogen
or a mixture of 4% hyd;ogen mixed with nitrogeﬁ,rand for the hydrogen~
oxygen éqmbustion product flqw in a nozzle with hydrogen injection. The
effecfs of wall cooling and heating are also invéstigated for the ﬁlow

without mass injection.

The solution method was based on the Crank-Nicolson implicit
finite difference technique® and the chemical reaction was assumed

to be in local shifting equiliﬁrium.

Basic Equations

The compressible turbulent boundary layer equations® for steady

state and two-dimensional and axisymmetric flows are presented in a
-3 - .



curvilinear coordinate system, neglecting the transverse-curvature

effect . The derivation of equations is shown in Appendix A and B.

Continuitg
== jy 4 3B i vt k! = 1
— (pur — Py + p'v r 0 (1)
ox oy w
Momentum
- S pe— - dp -
pa 2w 4 (p v+ p'v') du - _e + 3 [(p+e) E.‘.‘.] (2)
ox dy dx dy ‘ Jy
Energy

¥y oy r P oy r
1 du - U - 3;[1% (3)
P u e = _ -—
+ ¢ (I_Pr )]u-s? + Z {Pr (Le 1)+P (Le 1:' h Gy
T
=1
Element
o _ 3 “/uL elep 30y,
5;_@+(pv+p°v°)_ﬂ=§_ﬂ——f= + 3 oy | @
ax dy 3y L\Pr Lp 7

where j = 0 for two-dimensional flow and j =1 for axisymmetric flow.

The eddy viscosity, €, 4s& defined as

€ = - (pv)' u' / (3u/dy). (5)
The flow is assumed to be calorically perfect and obeys the
equation of state,
= pPRT
P o= = (6)

where the time mean of the correlation between fluctuating density and

temperature, p'T', is neglected because of its small order of magnitude

as stated by Harvey et al.’?



Turbulent Kinetic Energy Equation

- Considering the continuity and momentum equations for compressible

turbulent boundary layers, the system of turbulent fluctuation equations

is written?

in the cartesian tensor notation as

5% 5 du'ul 90y u'ul)
e T T ey R p— s S M 3
(Pud'vj g ¥ Gwlul g+ BTyl 5w T dx,
3p'u! dp'y ' du! 9y
= = + + p +
Bxi- axj o axi axj
du'u’ du' v’
Introducing the previbus three.equationsiiﬁ Eq.'(7) for i= j =1,

2, and 3, and defining the turbulent kinerie energy as K = u' ¢ +

v' v' + w'w', the following turbulent kinetie

obtained?, using Rotta's assumptions,?,!!

and dissipation terms.

3
-2 (vl gy

- K _._ 9K
pu 3 + (pv+p'v') gy

In Eq. (8) o, B, and Y are constants, and A is
In order to relate the Reynolds stress,

energy, K, the Prandtl-Wieghardt formula'’is
-5 =

5 KS/Z

energy equation is

to model the turbulent diffusion

"3 1/2
+ — (u+apAK/ ) —35
oy , dy
(8)
A
the dissipation length.
-(p v)' u', with the kinetic.

utilized



- (v uw = kpAK? 339 (9)

oy

The equations can be solved in'closed form, when the previous
three constants, the constant, k, and the dissipation length, A , which
is a function of the distance from a wall, are known.

For the ideal (one component) gas, only the equations of continuity,
momentum, energy, turbulent kinetic energy, and state must be considered,
and terms including the species gradient can be deleted from Eq. (3). In
calculating air flow without chemically reactive mass injection the

Prandtl number is assumed to be constént, and the molecular viscosity is

considered to follow the Sutherland law:
Moo= 2.27 x 10° TY/2(1 + 198.6/T)"} (10)

The turbulent Prandtl number is calculated based on the formula by Cebeci:?®

0.4 {1 - exp (iy+/A+)1
T 0.4 [1 - exp (-yTp W/28T)] ° (11)

At the wall, y = 0, Eq. (11) reduces to

.f.
Py, = 0.4 B' p -1/2 (12)

For a combustible gas mixture the molecular viscosity, u, is cal-

culated from Wilke's semi-empirical formyla; !’

n Og
i=1 =1
j#1

and the thermal conductivity is obtained according to Mason and Saxena,'®
-6 -



n n

S s
A= D A (1+1.065 Pyy Xyl (14)
1= . = |
i=1

where the viscosity of each spgcie,"ui, is taken from Svehlal® as 1in

Reference 14. The laminar Prandtl number is internally obtained from
n _ |
P - H(Z I _cpi) /I (15)

and the turbulent Prandfl n;mber is éalculated as in the ideal gas case.
To simplify the calcuiation the 1aminaf'and furbulent Lewis numbersuare
assumed to be unity. The system of equations (1) through (8) is solved
1ncluding the locally shifting chemical aquilibrium calculation to
relate element and species mass fraction,‘enthalpy, specific heat, and

temperature for a given pressure and assigned enthalpies, hif .

The boundary conditions are:

at the wall, y = Q;

u (x, 0)‘~ 0

PV+D v =m (x)

T (x, 0) = T (x)

Ol o = b, G =% E Tyt

K (x’ 0) = 0 (16)



at the outer edge of boundary layer, y - o

u (x, @) = U, ()

T (x, ®) = T (x)

5m (x, =) = &me (x)

K (xr ™) = 0 (17)

Solution Method

In reference to experiments by Bradshaw and FerrisszlforAincompressible
flow, and assuming the compressibility effect on the dissipation length to be

negligible, the didsipation length, A, is modeled as
A/8& = 0.205 (y/8)° - 0.586 (y/67 + 0.431 (y/8)  (18)

To avoid occasional negative results of the turbulent kinetic energy K

in the vicinity of the wall, the boundary layer is subdivided into a region
very close to the wall and the wake region since the turbulent dissipation
terms exceed the remaining terms in Eq. (8) due to the combination of
constants close to the wall. Considering the effect of the molecular

viscosity in Eq. (8) to be smail, the following term can be neglected:

The eddy viscosity for the weke region results obtained from Eqs. (5) and

(9) is:
-8 -



B

dy

e. = kp A K2

su\
('g;) : (19)

Close to the wall the modified van Driest model! based upon the Prandtl

mixing length theory is applied, and the inner eddy viscosity yields:

- i o
= L (20
€y p L P (20
with the mixing length,
L = 0.40y [1-exp (-y/A)] - 21y

The van Driest "Damping factor, A,” includes the effect of suction or

mass additlon and pressure gradient as indicated by Cebecil

The inner eddy viscosity, €:» 15 used adjacent to the wall until

the height at which € =¢ is reached at each axial station. From
o]

i
that point to the boundary layer edge, the outer eddy viscosity

formulation is utilized.

The three remaining constants in the system of equations are

assigned the following values:

a = 0.1/
k = 0.6
Yy = 0.36

After relating o and k by the indicated formulation®? the constant
values for k and Y were obtained from numerical calculations, based

upon a trial and error iteration, which matched experimental data

-9 -



by Muzzy®? for subsonic air flow without mass addition, especially

the measdred eddy viscosity (Fig. 1). Calculation was initiated 150 em
upstream of the measurement location to match the given velocity thickness
90 cm downstream of the computation start point which was considered

to be the virtual origin of the non-blowing turbulent boundary layer.

In Muzzy's experiment?? the large-scale disturbances were artifically

created by SanQpaper upst;eam in the tgst section.

In order to assess the validity of the present concept,
calculations were performed for comparisons with Klebanoff's experi-
ments.?® He also used artifical thickening of the turbulent boﬁndary
layer by covering the fiist 60 cm of a vertically mounted fl&t
plate with sandpaper. Comparison of the measured data and the
calculated results were ﬁade 315 cm downstream from the leading edge.
According to Klebanoff?® the turbulent boundary layer virtually

originates 430 cm upstream of the test station. Thus computation was

started at this virtual origin. The experimental free stream velocity
and momentum Reynolds number are Ue = 10.67u/sec, and Rg = 6900,

respectively. The calculated Reynolds number is R

) 6960. The analytically

calculated eddy viscosities and their corresponding measured values?® are

presented in Fig. 2. The agreement with Klebanoff's data is satisfactory.

Since Muzzy's experiments?® include uniform nitrogen gas injection

from a 60 cm long porous wall, calculations were conducted to obtain

the relation between the constant, Y , and the non-dimensionalized

- 10 -



mass injection rate, F = E;/peUe. As shown in Figs. 1 and 3,variation of
the constant y for a given mass injection rate provided good simulations

. of measured values.

So far subsonic flow was considered. Verifying the assumption

that compressibility effects on the dissipation length and the con-
stants are negligible, analytical results were compared with datal?, 17
for compressible flow of M = 2.5, As Figs. 4 and 5 indicate, the
calculated results are in good agreement with measured vaiues.by
Squire}éi 13 Differences between the calculated and measured eddy
viscosities non-dimensionalized with the bouridary iayer thickness

60 995 are within experimental tolerances (Fig. 4). 1In using the
displacement thickness &% in the non-dimensionalized eddy viscosity .
term, it becomes evident that the effect of méss injection disappears.
This, however, is only true for a conétant wall temperature, which
was present in Squire's case (Tw = 295°K). Different constant wall
temperatures would indicate a‘pronoupced effect, since‘the;displace—
ment thickness ig strongly affected by the wall temperature. In
Fig. 5’calculated boundary layér thicknesSes are compéred with
measured values by Squire for a case withbqt méés injection. The
agreements are remarkably.good. The curve shows the profile of the

turbulent kinetic energy calculated.

11



Effect of Chemical Reaction in the Subsonic Boundary

Layer Due to 4% Hydrogen Injection

To investigate the effect of combustion on the turbulent intensity,
the eddy viscosity, and other boundary layer profiles, hydrogen gas
diluted by nitrogen gas is uniformly injeéted from a porous wall inte
the turbulent boundary layer, outside of which dry air is flowing with
the constant velocity nf 10.67m/gec. Wooldrige and
Muzzyf“ and Jones and Isaacson2Ss conducted such experiments, in which
the hydrogen gas injected is diluted to 4% by nitrogen gas. The severe
environment, high temperatures duelto strong cheﬁical reaction in the
boundary layer, Prevented them to measure eddy viscosities. In their
experiments the virtual origin of turbulen; boundary layer is far

upstream of the porous pPlate and depends on the mass injection rate.

In order to understand the effects of mass injection and
combustion on the boundary layer characteristics well and save
computation time, the present study anaylzes the flow without
mass injection and the case that the mass,ﬁw = 0.0044g/ (sec. em?)
is evenly injected through a 76.2 cm long porous plate, with a
leading edge. Two modes of mass injection are considered the
injectants are 1002 nitrogen gas and a mixture of 47% hydrogen and
96Z% nitrogen gases by weight. The free stream velocity, Ue’ is
10.67m/sec, the pressure, Pe==l atm, and the temperature, Te= 2950K.

o

Thus, the mass injection ratio if F = mw/peUe = 0.0035.

- 12 -
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The wall temperature distribution shown in Fig. 6, is alﬁost the same
as measured by Wooldrige and Muzzy.z' For the chemical réaction calculation,
the_folloﬁing nine species are coﬁéidered as combustion products: H, H,,
H,0, 0, OH, 0,, N, NO, and N,.

_Calculated results of boundary layer thicknesses are showﬁ in
Fig. 7. At x = 60 cm the 100% nitrogen injection increases the velocity
thickness, &,toapproximately 70% of the ﬁon—blowing velocity thickness,
while the combustion due to 4% hydrogen injectién causes an additional
70% increase inrvelpci;y thickness compared with the case of lOQ%
nitrogen injection. Combustion gignificantly incrgases‘the velocitf :
thickness.

The momentum thicknesses, 6,_for the flows with and without
combustion differ but are in a close range, while the'displaganent
thickness, §%*, in the combusting flow is twice as thick as the corresponding
non~-combustion valué. Ihe momentum thickness,. 0, ig reduced due to
combustion.

The eddy viscosity prbfiles are shown in:Fig. g at threé axial
stationé for combusting and non—combustingrflows; Ihe magnitudes of
eddy_viscosity for both fibﬁs aré almost the same. The distributions,
howevef, are different. - The eddy viscosity érofile without mass
injectibn at x =_76.2 cm illustrates that both the
magnitudé and distriButioﬁ are quite different from those of thé other

two cases with mass injection. The peak values of eddy viscosity with

- 13 -



mass injection, with or without combustion,is twice as great as

the value without injection. If the eddy viscosity is shown 4in a
nor:-dimensicnal coordinate system,such as Figs. 9 and 10, the effect of
cpmbustion on the eddy viscosity profile is almost concealed. Profiles
of temperature and velocity are shown in Fig. 11. 'In.this graph, the
non-combusting flow has negative gradients of temperature and higher
velocity gradients at the wall than those of combusting flow. It is
evident that combustion in the boundary layer plays a similar role as
injection of mass at the wall, reducing the eddy viscosity close

to the wall (Figs. 9 and 10). The eddy viscosity close to the wall,
Fig. 10, islarge fornon-cembusting casé, but Eﬁﬁ]ﬁerfor'combusting
flow, Fig. 9. This means temperature affects the eddy viscosity.
Comparing the temperaturs profiles in Fig. 11 with those measured by
Wooldrige and Muzzy?* and Jones and Isaacson,?’ one can deduce that the
shifting equilibrium assumption is valid for tche combustion of hydrogen

with afr, The flame zone shown by their experiments is very thin.

The difference between the velocity and density profiles in
a combusting layer and those for a non~combusting layer are illustrated
in Fig. 12. The secondderivative of velocity for the combusting
flow is pqsitive below - and around the flare sheet, while that
for the non-combusting flow is negative across the boundary layer.
This regult coincides with the experimental velocity profile by Jones
and Isaacsdn.zs Downstream at the axial distance of x = 50.8 cm

the velocity profiles of the combusting flow tend to collapse

- 14 -



towards a single curve, but the density profilés are still non-similar.-
The three ﬁelocify curves in Fig. 12 for the cases vithoﬁt injection
show that heating of the wall is equivalent to injecting'mass.at the
wall.

To understand the great difference of dispiacement thickness,
8%, between thé combusting and non-combusting flows, mass flow'profilés
rare exhibited in Fig. 13. 1t is obvious that the mass flow profiies
differ significantlj for two cases’with inﬁection &ue mainly to the
difference of density profiles (Fié._le. Temperature
increase due to the combustion is a cause of thickeﬁing the &ispiaée—
nent thickness, 6*%. The veldéicy distribﬁtioﬁ; as sﬁown'in Fig. li,'
ig effected by boﬁh the distribﬁti§n5 of eddy viséosigi and-density,
increasing the velocity thickness (Fig. 7). - Thus the mass flow
profile has‘a dual effect of‘density, directly and indirectly.
The curve without mass injection, which 1is below the profile
with 100% nitrogen injection, shows that the displacement thickﬁéss increases
due to mass injection considering the definitioq_éf 4isplacement
thickness. Effects of mass injectibﬁ and combustion on boundary
layer charaéteristics are-summarized at x‘= 76.2 cﬁ in Table I.

In Figs. 8, 9, and iO, the mhgpitudes of éddy viscosity for.
combusting and non—combﬁsting flows are very ciose while the distributions
were different. 'Thié gseems to indicéte that combustion does not increase
the eddy viscosity. The turbulent kinetic gnérgy, however, increases

significantly dué'tq.mass injection and combustion as shown in Fig. 14.

- 15 -



This figure indicates that the mass injection increases the turbulegt
intensity by 50% and combustion with 4% hydrogen injection enhances

it almost three times as much as the peak intensity without injection.
Thus, it may be econcluded that in spité of the increase of turbulent
kinetic energy due to combusiion the decreése of density prohibits the
increase of eddy viscosity. Considering Eq. (19), the eddy viscosity is
proportional to the density and the square root of the turbulent kinetic
energy. Thus, the effect of the density discribution is more
significant than the turbulent kinetic energy. Comparing curves
without mass injection in Fig. 14, we notice that the heated wall decreases
the turbulent kinetic energy close to the wall.

The friction profiles at x = 76.2 cm are compared for the
combusting and non~combusting flows in Fig. 15. The skin friccion éf
combusting flow is only 15% compared with non-combusting flow, because
the velocity gradient at the wall of combusting flow is much smalley
than that of non~combusting flow as shown in Fig. 11. The value of
skin friction, ng for flow without injection of course has the largest
value as shown in Fig. 15. 1In Table I and Fig. 12, the Skin-friction‘
TW, is also reduced when the wall temperature increased.

It requires a long distance foy the combusting flow to reach'an
almost equilibrium profile. As shown in Fig. 12, velocity profiles were
almost equilibrium dowmnsgtrean of xl= 530.8 em, but density profiles

were still non-equilibrium. The distrlbutions of element mass fractions
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at the wall are shown in Fig. 16. .The equilibrium condition at the
wall is attained around x = 50 cm. The small change downstream of

x = 50 cm is due to the wall temperature distribution.

The profiles of mixture ratio, F/®, are shown in Fig. 17, where
the mixture ratio is defined as the ratio of hydrogen element to the

sum of oxygen and nitrogen elements by weight. Fig. 18 shows the

species mass fraction profiles at x

76.2 em. The mass fractions of

H,, Hzo; and N, at the wall are YH

0.012, Yy g = 0.228, and
2 .
2

Yﬁz = 0,760, respectively,

Fié. 19 shows the distributiuﬁs of skin friction coefficient,
C¢, and skin frictiom, T,» in flow direction. AékknOWn already from
the velocity profilés,rthe.skin friction is reduced significantly due to
combustion in the boundafy layer. Table I also indicates that the skin
friction with 100% N, injection drops to aboﬁt onefthird.of the value
of isothermal flow without injection. -The skin friction of‘combusting
flow is less tﬁan 10% of the value of the isothermal case without in-
jection. Even without mass injection, the skin friction becomes smaller
for higher wall températures and inéreases fpr cooled walls. The '
effects pf gooler walls on*velpcity profiles arg'shown in Fig. 12, that is,
the velocity curve indicates that the cold wall‘hasra siﬁilar effect on
the velocity profile as suc;ion at the‘wall. ‘We have already known tﬁat
a hot wall plays a similar role to mass injection. Referring to Fig. 3,
again and the velo;ity thickness shown in Table I,'the turbulent kinetic
energy has a smaller value plose to the wall for a hot wall compared

with a cold wall. The same can be said of eddy viscosities, Fig. 8,
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where the eddy viscosity without injection and with a cold wall is
larger close to the wall than for a hot wall. Thus, the velocity gradient
at the cold wall is steaper than for the hot wall (Fig. 12)., As mentioned
previously the velocity profile is affected thrgugh both the eddy viscosity
and density profile.

If the weight percentage of hydrogen in the gas mixture injected
increases to 8% or more using the same mass injection rate as before,
the boundary layer ig blown off as a result of zero velocity.gradient

at the wall at a certain distance from the leading edge.

Effect of Pure Hydrogen Injection into

the Supersonic Boundary Laver

The flow characteristics in nozzles with divergent half angles
of 10° and 15° and with uniform hydrogen injection at the wall were
investigated by Omori.? The present study was.performed on the boundary
layer fiow in 2 rocket nozzle with the divergent haif angle of 31.5°

and the variable mass injection rate of pure hydrogen along the

nozzle contour.

The thrust chamhergeometry,eanozzlebuiltby?ratt & Whitney Aircraft, is

shown in Fig. 20. The chamber stagnation pressure, Po’ is 2.135 x 10'N/of

(3097 Psia): the temperature, Ty, = 36809K, and the mixture ratio of
oxygen to hydrogen, O/F = 6.29. The experimental distributions of the
static pressure and the wall temperature with hydrogen injection are

shown along the nozzle axis in Fig. 21. As shown in Fig. 22, the
- 18 -



‘hydrogen injection rate is uneven in a axial direction with the
highest rate eround the.nozzle throat. Using these distribntions and
'Vthe chamber initial conditions outlined above, calculated reeults of
the boundary layer velocity, momentum, and displacement thicknesgses -
are illustrated in Figs. 23 and 24 for two cases with and without
injection, where the same wall temperature dietribution in Fig; 2} was

assumed even in the case without injection.

For the flow without injection,the velocity boundary layer
thickness (Fig. 23) decreagses in the nozzle convergent section due
to the’ reduction of eddy viscosity in flow direction for.reasons
shown in Fig. 25. The velocity boundary iayer thickness with hydtogen
injection in Fig. 23, however, has an irreguler dietribution‘because
of the uneven mass injection. In the nozzle divergent section the
velocity thickness without injection increases in flow direction .

except for a small disturbance which is caused by the wall temperature

distributlon.‘ It is noted from Fig. 23 that the effects of hydrogen
injection and upstream history on the velocity boundary layer thickness

are significant. Fig. 24 indicates that both momentum and displacement

thicknessesere greatly affected by hydrogen injection. The reason for
the momentum thickness to become negative with hydrogen injection,

Fig. 22,15 explained below. With injection, the temperature across

the boundary layer decreases due to the EBigh heat capac1ty of hydrogen.
The hydrogen injected reacts with combustiOn products generating heat.
This heat energy is consumed to accelerate the flow with an over-
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shoot in the boundary layer as well as to increase the temperature
gradient over a certain distance from the wall (Figs. 26, 27, and 28).
This velocity overshoot shown in Figs. 26 and 28 is caused by the
combined effects of the favorable pressure gradient of the free-stream
and the chemical reaction due to hydrogen injection in the boundary
layer {(Jones and Isaacsonzs). As Fig. 28 shows,the skin friction
coefficient increases with hydrogen injection and chemical reaction
in the flow with a favorable Pressure gradient. The velocity gradient
at the wall in Figs. 26 and 28 is greater for the flow with injection
than without injection. Fig. 27 shows temperature profiles in the
subsonic region, and Fig. 29 in the supersonic region.

Profiles of the turbulent kinetic energy are shown in Fig. 30,
The turbulent kinetic energy without injection has a smaller value
than that with hydrogen Injection except in the immediate vicinity
of the wall. It is evident from Figs. 29 and 30 that the turbulent
kinetic energy distribution is related to temperature. Fig. 5 showed
results of a nozzle atr flow with wall temperatures at room condition and lower

free-stream temperature. . The curves in Fig. 30 are the results of the

accelerated nozzle fiow with the wall temperature of 1056°K and the
free-stream temperature 2376°K.

Eddy viscosity profiles in the supersonic region are shown in
Fig. 31. Both the magnitude and the dist%ibution of eddy viscosities
differ considerably between the flows with hydrogen injection and

without injection. The magnitude of eddy viscosity increases due to
- 20 -



hydrogen injection. This result is contrary to a previous report by

this“author,2

where the mass injection rate was even. The present

nozzle, however, has a pgak‘injection rate of 5; = 2.2g/(cm2'sec)

around the throat (Fig. 22) and a larger nozzle half angle. This

. uneven injecfion and the différence of nozzle‘éeometry, ﬁhich causes

the different favorable pressure gradient in flow direction, are

belfeved torincrease the eddy viscosity. The eddy viscosity profile
with hydrogen injection has a minimum point in the middle,df the boundary

layer, where the temperature increasesisharply due to the chemical

reaction of injected hydrogen with combustion products,
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Conclusionsg

Coupling the turbulent kimetic energy equation with boundary layer
equations, the characteristics of compressible turbulent boundary layer
flows are solved for cases with or without mass injection and combustion.
The mechanism of turbulence has been considered in such 2 way that the
variation of turbulent production, diffusion, dissipation terms in the
turbulent kinetic energy eéuation were examine& by changing the constants
until the results would simulate Muzzy's experimental data. After
obtaining the relations for each term in the turbulent kinetic Eenergy
equation ag mencioned above, this modeling of the turbulent kinetie
energy equation was verified, comparing tﬁe calculated results with sub-
sonic and supersonic experimental data by Klebanoff and Squire,
respectively.

To investigate the effect of combustion in subsonic flow, a
calculation was performed for air flow with mass injection of 4% hydrogen.
It was found that combustion significantly induces turbulence. The
magnitude of eddy vigcosity in the combusting flow is almost the same
as that in non-combusting flow with the same mass injection rate of pure
nitrogen, while the distribution of eddy viscosity differs° This is
attributed to the difference in temperature profiles between combusting
and non-combusting flows. Combustion has a similar effect on the velocity
profile as if the mass injection rate is incréased. That is, the

combusting flow has a smaller velocity gradient at the wall than the
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non-combusting flow with the same mass injection rate. As a result, the
skin friction of combusting flow is much smaller than that of non-
combusting flow, for a case without pressure gradient in flow direétion.

Calculations were alge conducted for combustion product flows in a
rocket thrust chambef with pure hydrogen injection from the wgll simulating
transpiration cooling. The'injected hydrogen decreases the temperature in
the boundary layer due to its high heat capaéity. When the mass in-
jection rate.is varying in'aﬁial directién,
the eddy vigcosity becomes larger than for the case withgut:injection
although nozzle geometry has an affeé;'also. The distortion of eddy
viscosity occurs, when the temperature increases sharply due to the
chemical reaction of injected hydrogen with combustion products in the
boundary layer. The velocity gradient at the wall for the case with pure
hydrogen injection_and chemical reactipn is léfgerrthan that wiﬁhout mags
injection for a flow with favorable pressure gradient as prevalent in a
nozzle. Thus, the skin friction of the f;ow with hydrogen injection is
larger thaﬁ that without injection, when a favorable pressure gradient
exists, This resglt is cogtfa;y to constant freé‘sﬁfeam flow cénditions.
Therefore, the pressure gradignt in flow directiop.exerts a significant
influence on the boundary 1ayer.charécteristics.

The effects of wall temperature'on the boundary characteristics were
also examined for a flow without wall mass injection. When the free
stream velocity is éonstant in flow direction and sybsonic, heating of
the wall is equivalent to injecting mass at.the wali, and cooling the wall

has the opposite effect. 23



SYMBOLS
van Driest's Damping factor
Mass transfer number: 2F/C¢

Skin friction coefficient

Specific heat at constant pressure
Diffusion coefficient

Mass injection ratio, ﬁw/peue

Total enthalpy, H=H + H' = h + u?/2

- L, &

Enthalpy, h = h + k' = J hoY,
i=1i T

=T oo o

Enthalpy of species i, hi = hi + hi jf CPi dT + hi

To

Turbulent kinetic energy per unit density, X = u'u’' + v'v' + w'w'
Constant

Lewis numser

Prandcl mixing length

Mean molecular weight

Mass addition rate from the wall
Number of species

Pressure

Chamber stagnation pressure

Prandtl number

Heat trénsfer rate into the walil
Universal gas constant

Mass ratio of element m.in species i

Nozzle radius
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5t

S.999

. 995
&*

. Stanton number

Temperature
velocity in x direction

Velocity in y direction

Mole fraction of species i

Distance along the contour

Mass fraction of species 1
Normal distance from the wall
Axial distance

Constant

n
Element mass fraction, oy = :E: rmi Yi
i=1
Constant
Constant

Velocity thickness, § = y at u/ue = 0.990
Velocity thickmess, & =y at u/u, = 0.995
. o
Displacement thickness, §* = .}. - pu/peUe)dy
0

Eddy viscosity.
)
Mbmentpm thickness, § = .j.(pu/peue) (1 - u/ue)dy
0

~Dissipation length

Thermal conductivity
Molecular viscosity
Density:

Shear Stréss_
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Subscripts

e Bouﬁdary layer edge

I Transpiration coolant
i Species

m Element

T Turbulent

w Wall

Superscripts

()" Fluctuating term

{) Time'averaged quantity

Notations in Eq., (11) through Eq. (14) should be consulted with Ref. 14.
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Table |

EFFECTS OF MASS INJECTION AND COMBUSTION
ON BOUNDARY LAYER CHARACTERISTICS AT x =76.2 ¢cm

" 5m 5 cm | § cm Ct | Tw N/m? Kma)dUe2 g N srezg
Z lcop WALL e
2 o | L2 0.131 | 0.191 0..00440_ 03103 | 0.0048 |0.000661
Lt
Z |ISOTHERMAL 1 367 | 0971 | 0,183 |0.0038 |0.258 | 0.0051 |0.000656
< | | |
Z|HOT WAL liaes | 038 | 0166 |0.00356 |0.2466 | 0.0054 |0.00065]
= W |
100 % N | |
INJECTION o434 | 109 | 0332 [000143 |0.1010 | 00075 |[0.001317
my= 0.0044 g/cm’s |
4% Ho | L | - -
INJECTION - 410 | 2712 | 0287 |0.0084 |0.023 |G.0129 [0.001317
my, =0, 0044 g/cm® s - |

COLD WALL -
| SOTHERMAL -

HOT WALL :

“WALL HAS A CONSTANT TEMPERATURE OF 150 °K

WALL TEMPERATURE 1S SAME AS MAIN FLOW TEMPERATURE
WALL TEMPERATURE D'IS'TRIBUT|0N IS AS SHOWN IN Fig, 6
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APPENDIX A

TURBULENT BOUNDARY LAYER FQUATIONS

1. Continuity Equation

The overall continuity equation for steady flow reads

3 (0 uy) ‘
— = 0 i (A"'l)
d Xi -

in cartesian tensor notation.

In turbulent flows this equation must be true at any instant,
but also on the average. The instantaneous quantities are replaced by
the time average plus the fluctuating as follows:

p=p + p' (a-2)
and uj =.Ei + ug! (A-3)
Substitute these expressions in Eq. (A-1), then

9P +p") (o +u"]

=0 {A-4)
d %g

Since
®+o) (@1 +ug") = Dag+pu’ +p uy + 0" ug'  (A-5)
taking the time average of this equation and applying Reynolds' rule#

of averages, we obtain

(o + o") (Ei + u{? = p Ei +p uj + p' Gi +p" uy’
= Ppug+puy’+p ui + pf ui' (A-6)

= Eﬁiﬁ-p uj

Therefore the continuity equation is written as

*Hughes, W. F., and Brighton, J. A., "Schaum's Outline of Theory and
Problems of Fluid Dynamies," Schsum Publishing Co., 1964, p. 179.

-2 -



9 {p u, +lp' ui') _
3 Ki

0 : (A-7)
This equation is expressed for two-dimensional or axisymmetrie flow in

a curvilinear codrdinate‘system as follows, in which s is the wetted

length along the wall and y is measured normal to it#.

3 e — ) — e
55 ou+o ud ) 1455 (Gv+o v -0 @8

where

3 =0 for two-dimensional planar flow,
and j =1 for axisymmetric flow.
Assuming

RN I TS
I .
ds :  dy

(4-9)
VEq. (A-8) becomes

[ s - Yy 4 j
3 (Pu rgv) 73 [ev+o' vl

- ) = 0 (A—IO)
ds - 9y .

The velocities, u and v, are those components along s and vy, respectively.

2. Momentum Equation

The momentum equations are written in a cartesian notation ag

follows** for steady flow:

L d0 '
xi X4 .

where the stress tensqr,dij, is

‘ du du.- 2 auk Buk
=-~p68,, + —dl 4+ _d - 8§ Xy 5, =5 -
S Tl (3::-:] Ty 3 W )t S, 41D

*Schlichting, H., "Boundary-Layer Theory", McGraw-Hill Book Co., 1968, p. 223.
**Landau, L.D., and Lifshitz, E. M., "Fluid Mechanics," Pergamon Press,
1959, p. 48. ' B : '
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The quantities U and 7 are called the molecular (or dynamic) viscosity
and the bulk viscosity, and are functions of pressure and temperature.
Neglecting the bulk viscosity term in Eq. (A-11) according to the Shvab~

Zeldovich formulation%, we can write Eq. (A-11) in cartesian coordinates

as
du du dp d Bul duy 2 .Egl EEZ
Mg P2, T TR TEg ey oxy) 73\ o
5 Ju dusy
f— du (et (A-13)
and
o Y By 3 3 u(& Eﬂ)%
w2 —2 = -
1 3%, 2 axz axz axl axl 9%,
(A-14)
9 Ju auz 2 Bul Buz
t o e ) 3 e e
9%, X0 X9 1 2
Because of the boundary layer aSSumption++ Egs. (A~13) and (A-14) reduce
to
3 3 3 du
pu_‘_‘;+ _‘11_=_i’__+...__u—%(a—15)
1 9%, Py, 3z, 9%y 3%, 9x,
and
2.y (A~16)
ax2

multiplying uy by Eg. (A~i), we obtain

TWilliams, F. A., "Combustion Theory," Addison~Wesley Publishing Co.,
Inc., 1965, p. 9.

HSchlichting, H., "Boundary-Layer Theory," McGraw-Hill Book Co., 1968,
p. 223.
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d 9
u _.___(p 4y + u ‘-————(p up) = 0 : (A-17)
1 1

Adding Eqs. (A-15) and (A-17) gives

| | .
P uu) 3 Guu) o gp + 271 (a-18)

Substituting the following relations into the above equation,

p=p + p'
u; = uy + ug' _ (4-19)
pP=p+ P

and taking the time averages, we obtain

3 {(5 + ") (E] + ul' ) (El + u'l)}+3 { (p+p") (Gl+u1') (52+Ué)}
9x ‘
1

3‘2 |

3G +p") 3 3 (@ + )
=- —  + [
3 BRLS) 2

(4-20)
R ,

According tc the Reynolds rule of averages,

(P +0") (up +uy") (U +uy")

(|:_) + p") (Glﬁl + 2 uy' Gl + ul' u'l)

[
©
=

[l

(A-21)

+ p! ﬁlﬁl+20'uiﬁl+p' u'lui

= o T T ]
Pujuy + Du'lul + 2 p:r'ulu1 + p'ulu]'_

.= 65 -



(p+p") (u+lx')(u +u

1.0
2) (o + oM. 10 u2 + ulu2 + ul 2 uluz)

=p uju, + Eﬁlu'z + Eu"lﬁz + puiu'2

(A-22)
17 o 1
+pulu2+p 12+plz+pulu2
=Eﬁlﬁz+pu1u2+pu21+pu12+pu 112
P+p" = p  (a-23)
and
u +u ' =4 ~24
uy ug o (a-24)
Thus Eq. (4-20) reduces to
9 (Pu u +pu' ul+207a’a +p'u'u ")
1 1 1 1 1 1 i 1
Bxl
S P o7 PR —
+3(puu2+pulu2 +pu2ul+pulu2+pulu2
sz
- (A-25)
T Tt O, B,

Substituting Eq. (A-7) into the above equation, then

- e — 91 —_—— u
(pu1+p ul) 1+(pu +pu)___

Bxl Bx
31-)- 3 | BG]_ 3 (p ul' ul' + p'uy q'*' p'uy' uy )
= - E—X—; “2;'2- ( sz) dxy
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? (p ul'u‘ + ;:'a'u:l-"—l-;2 + p'ul' uz')

2 \~26
3 Xy (4-26)

Since

-p- ul' u]'_ + p' u1| El + p'ul' ul' = (pul) ' ul" ' (A—Z?)
and

- 1 - Y, 1. + Tt T - T v " (A=28

o) ul u2 o ul u2 o) u1 u2 (puz)‘ u1 , ( )
Eq. (A-26) is written in a cleaner form as

+ ' 1 ¥ 1y —t
(pul-pul)-a—;i-+(puz+puz)ax2
(A~-29)

3p . 9 3T, 3
E e e— —— —_ ' t \_ — [} 1
P~ L TR Y N Gl ml LCE ORI
This equation is expressed in a curvilinear coordinate system for two-

dimensional or axisymmetric flow,%* when the transverse-curvature effect

can be neglected, as

- — 3 —_— .. 31U
(pu+p' u')'glsl' + (GV+9'V')§;

=-a—; _a_ a_l_l - ' ¥ -—i t ¥ A—O
5+ {u 3y (pv) u} {(pu) u }( 30)

dy ds
Assuming
ou L :
) 1 — L t o m—— -

p' u . <‘< p'v Ay ) (A-31)

and
i. . ' 1 < < _Ei ( ) [ v} (A-32)
3s (PO ulp << 5n qevd'u ‘

*Schlichting, H., "Boundary-Layer Theory," McGraw-Hill Book Co., 1968,
p. 223.
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we finally obtain the momeniul equation in s- direction.

_ _ BF - e 3G 45 3, oF
uns o+ v+ p‘v‘)ay = = is + ay{u By ~ (pv)fu'}
(A-33)
The y~ direction momentum equation (A~16) yields
p + p' = constant (A-34)

across the boundary layer at each station.

3. Energy Equation

The general energy equation *,** for steady state is written

for two-dimensional or axlsymmetric flow in cartesian tensor coordinates

as
H
oxj, 0xp  Ixy|Py 3xy - dxo
oY1 €A-35)
a_ rri
+ Lg ~1 h
Pr ( 2 ) iEl i axzj
where
2
U
= + ——
H h 5
n
h = z h
J'T C dT + h,°
hi o Cpi i (A-36)

*Hughes, W.F., and Brighton, J.A., "Schaum's Ourline of Theory and
Problems of Fluid Dynamics," Schaum Publishing Co., p 196
**Lees, L., "Convective Heat Transfer with Mass Addition and
Chemical Reactions," 3rd AGARD, 1950, p457.
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g
H

I
= .
A
.
2

- n

€, = r cC Yy
P =1 1
Le‘ = 'DD'CPIA
VRS (T
A= A (T

Adding Eq. (A-1) multiplied by the total enthalpy, H, and Eq

then we obtain _

3(Pu, H) 3 (Pu,H) e gu
1 -+ 27 . _L[.LE_PL+H(1_L)u_%
9x1 9xp - 9x2 P, 9x2 Py 1 9%y
'y n aY{
+ -1 I hy w5
Pr (Le-1) i=1 1 9%y :

Substitute the fbllowing relations
uj = Ej +uj.!
P = o + p'

+ B'

o]
1l
o |

Y o= Yty
hy = hy +hy'

into Eq. (A-37), and take the time average, then

- 69 -
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3l¢p + ") (u1 + u')(H + H')] . 3L + p")(ap'+ up") (H + ")

d Il 9 x2
3 u o 3(H + H") L 9 (U +ur")
= | = - -1 ' —_—
- 31{2 PI' d ]{2 + H (1 E;;) (ul + ul ) P xz
_ 3y 14"
" 2 A Yy }
+ (L, -1) I (h; + h,')
P, e y=1 & i 9x,y

(A-39)
The left-hand side of the above equation is simplified using the

turbulent continuity equation (A4-7) as

3[ + p")(up +up)E+H") al(p + p")(uz + up") (| + H")]
3 xy ¥ 3 x2

3(—5 ;l E + D' u1° E‘?‘E ul' H' + p' H‘ :;1 + D' u]_' H')

3x1

a P E + r ] - + -~ ¥ H! + ¥ V'_+ f v H'
+ (p u2 p u2 H p u2 p' H u2 p u2 )
3 1{2

- — —. oW — — —— 33
= (pup+ o' uy' — + + p'uy') —=
1+ ' 4" 5x1 (P uy P upt) 522

+a(5 ui' H' + ot H' —‘;1 +p' u]_' ") 3(; qu H'+ p'H' :2 +p'u2'H')
9 x31 + 3 Xo

{A-40)
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where

pul'B + p'H' up + p' o 'H' = (pup) 'H'
o up 'H' + P'H' iip + up'' = (puy)'H' (A-41)
Agsuming
al(pup)! H'1 3l (puy)' H']
<< (A-42)
9 X3 a X3 .
and
' << Py (A-43)
‘ Eq. (A~39) is simplified to
— — oM ——  ——
PLUL 3xy * (Pug+ 0% up’) B
3 u BH du 1 3G'u")
- v 2 Su 4+ 1 _
3%y [ P, oxp Hp“ YT} 4+ - ){“ dx2 2 3%y
+P—r (La-1) Zhi'B';;é‘ + (h;! ‘8';2“)
(A-44)
Since
L, ou
H = h 2
— +
= h + h'+ fug +u1)
2 .
N Eﬁ 1 ul'z
= h + 5. + h' + uqug + 5
= H + 8 , (A-45)
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Thus

' = h' +ujup' + ok (A-46)

The fluctuating term, {pu,)}', is expressed as

(bug)' = pug - (puy)
=+ +u") - (B +p')(ay + ")
=EE2 + o :2 +EU,2' + p! 112'_332 - p' uzt
=Py + Pupt 40wy -y (A=47)
Therefore
— - — ur_Z
~(Pug)TH' = —(p'up + pup’ 4+ p'uy' -0’ uy)(h' + uquy ' + 2_1 )

pui’ul’ Kz

=={p'h" uz + p'ul' ug up + + 0 up'n

2
+‘“'_ "] Buul'ulvuzj T T o ¢ o v 9
pU.1 uy us -+ ‘“'——"é'—"——+ P’ uy h +pu1 uz ug
0'uq 'ug 'u, 0 s’ uq'ud’
+* 1 %1 Y2 _ 2 1 Y1 ) {A-48)

2 2

Neglecting the terms which include three or four correlations, we

simplify Eq. (A-48) as

(eup) B = - ('hT wp 4+ PTup’ wpup+ Pu R 45 uy up )
(A-49)
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The fluctuating term of static enthalpy, h', is expressed as

n n
L hy¥; - I hi¥y

h'=h-h-=
i=1 Ci=1
n __ _ n - —
] t T "y 1
. gﬁmﬂa)ﬁfﬂj-gfﬁﬁa)ﬁﬁYi)
n __ — —
= igl(hiYi + hi¥:" + hi'¥4 + hi'Y{")
n e — e ——
i=3 : 1
n- _ . —

(A-50)
Substitute the above equation into Eq. (A-49), and neglect third
correlation terms,‘then

n
~(Pup) TR = T L up(ptYyt by + 0ThyTYy) + p(hy vy T+ Ry T YD

- (p'ul' :1 :.1-2 + ;_1.';1 ul' ﬁz')

n —_— — —_ ——— e [PV ——
- e 1 '
= z { (o hi 1,12 +p .uz'hi ) Yi + (p'Yi" uz +p uziYi')hi}

i=1

sup Co'up’ w4 poupluy")  (a-51)

- 73 -



where

D'hi' :2 +;u2'hi' = ;ﬁpﬁz)vhi' - "J"l.'l.zehie {(A-52)

'Yy up + P up'¥y' = (pup) 'Yyt - pluy'yy (A-53)
plug up +pur'uy’ = (pup)’uy’ - pluy'uy’ (8-54)
Eq. (A-51) is rewritten as
—_ n : — -
-(pay) "H' = 1'51 {[(pu) ™y~ p'uy’hy ' 1 ¥, + [(ou,) 'y,
- Q'UZ'Yi' ] —l:l-i } - ;l [ (pug_)’ul' - p'ul'uz' ] (A—55)

Let us define the turbulent thermal conductivity, lT, and

diffusivity, Dy, as
B

— 3T
- 3Ly [oupd'hy' = plup'hy' 1Yy = Ap =, (4-56)
- 54 (A-57)
- [ (Pu2)'¥1' - p'u2'¥i' ] =p Dg g;é'
and assume
(puz)’uy’ >> plujy'uy’ {A=58)
" 2 1 ¥
I b WAV S S A0 (A-59)
(U —=)>» = —r
9%0 sz 2 90Xy
and
9 B-Y-. ] vy !
= 9ay 2
w2 1 B )>> oxp (M 3x, ) (A-60)
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then, Eq. (A-44) becomes

(pup + p' u") &2 4+ (o uz + p' uz') o

ox1 9x2
. 8 ,p _&H 3 — T —. 3yt o
e o tAr = D £ (hy =— ) - Tiq!
S - al; o . n — a_i_ .
ua-Lyu st e e B Gy Sy (A-61)
x 9%y P, 1=1 3%, .

In order to replace the temperature, E; in the above equation to the
static enthalpy, h and hj, and the specles mass fraction Yi’ congider

the definition of the averaged specific heat, Ep.

~ n n
G = ICY = @y,
i=1 1=1 9T
n 3 (hiYi) . 3Yi
T St g, 222
i{=] 9T 1797 |
_3h %, v
= Tor T I BT  (a-62)
Thus
3T - oh ¥i - (A-63)

. —

~ 'n
Cp 9x 7 31{2 - izlhj_a x2

Taking the time mean of the above equation considering Eq. (A-60),

- then

3T -1 9 n — 9yi
— G — A-64
%2 Cp ‘ox2 151 hy 3% 2 ) ( )
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Now the eddy viscosity,€ , the turbulent Lewis and Prandtl numbers,
Ler and Prq, are defined as follows:

———— au"‘
E = -(puz)'ul' 3;; (A-65)

. ™
LeT = -2 {A=66)
Ao
and

~

e C
p—
i S | (a-67)

Considering Eqs. (A-64)through (A-67), Eq. (A-61) is written in a

curvilinear coordinate system as

—— 3 L T 3H B E BE
= + +o'v)— = +
pu (pv + p'v’) 3y ( Py ) 3y
[u(l--) +e-1y1w u + [ u(L -1) + ~—{L -1)] E hiaYi
PrT ay €T By
(A-68)
where the assumption below was made.
i - e
p'u 38 << p'v ay
4. Element Equation
Since there ig no generation nor disappearance of atoms
in the system considered, the continuity conservation equation of
each atom, m, is written as
div (praip) = 0 (A~70)
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- where

Pn = POg - L @a-TD

§

Um,dif + © (A-72)

Un : Velocity of element m
wgyf ¢ Diffusion velocity of element m

u : Mean velocity

Thus
div [pog (um,dif +e)] =0 (A-73)

This equation is reﬁritten as
(pu grad) o + div (poy wy g4¢) +op divipw) = 0 (A-74)

Considering the overall continuity equation, Eq. (A~1), and

Fick's Law

pum,dif = - (PD grad) om | (a-75)

Eq. (A-74) becomes

(9u grad)d, = div [(PD grad)%y ] (A-76)

For two-dimensional or axlsymmetric flow, this eqﬁation is expressed

in a curvilinear coordinate with the boundary layer assumption.

pu—a-qm +pvdm =2 (oplm | N (A-77)
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Multiply d, to Eq. (A-1), then

' 3 (pu). 3 (pw)
%m 3s T O a9y =0

Add the above two equations, and we obtain

B(puoy) , (Bove ) _ 3 (pD da )

(A-79)
ds ‘ oy 3y 3y
Substituting Eqs. (A4~2) and (A-3), and
—_ -~ ¥
o = R 4 Om (A-80)
into Eq. (A-79), Eq. {A-79) becomes
@@ © ) Al G G ) Gt
a8 oy
= 2 [(wonyp 2lomiom')  (A-81)
dy dy
Taking the time average of this equation yields
_“_@ + (_ ;;_ﬁ,pw ) é?ﬂ
pu . Y v 3y
= 5 /= Sam 3[(pv) "om '] :
—_ (pD =) - (A*Ba)
dy Ay oy

where the following left hand side terms have been omitted in

deriving Eq. (A-82) because of their smallnesses compared with the

remaining terms.
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.3y . : (A-83)

and
3l (pu) oy’ 3l (pv) "oy ")
<< et ’ I
3s - 3y : (A-84)
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APPENDIX B

TURBULENT KINETIC ENERGY EQUATIOR

The momentum equation for compressible fluid flow reads

— . 3uitug') — o= . aflughug’
(e+p') =5+ (p+p') (U, ") —gj‘;;———
_ 3 (ptp") . 3 (Tikt Tik') (B-1)
0X{ Xy

where
tau Tik = Tik 4+ Tik®

L f2uityouk 2 o pup Bup
N3k oxg 3 5 fa By * Csik 3xg (B-2)

molecular viscosity bulk visc051ty
The continuity equation is

2pip") , B(gtn") Cuictuk")

3 T axk

=0 (B-3)

thus

3 (P40 ") 3 (Puk+ Puk' + P'up + O'uy’
+ k+ Pug uk e ) 0 (B-4)
at Bxk

Subtract from Eq. (B~4) its time averaged equation, that is,

3, 3lpukt pu,")
at ORy

=0 (B-5)
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and we obtain

3" . 2(ow' ¥ p'ud pluk' - prugh)

ot 3% =0 (B~6)

Multiplying uy' by the above equation (B-6), and adding this and

Eq. (B-1), we obtain

—dui  — dui' dud  ui' 3p'

f ——

P7ot * P e * Py P + oolgs

P - '
+ (pugtp ug' + p' uk + p' uk') ofus + ug")
| ' 3'xk

r O{puk’ +p' up +p' ux' - p' ug")
axk (3-7)

+ uy

3(p + P") . E’(-T_ik""rik‘)
0%y Bxk

Subtract from this Eq. (B-7) the time average equation, then

— dui Bul | Belud'-ptul’y o~ = gus
P 5t +p ot + ™ + (p uk +p 'uktptuk pluk') _-haxk

_—— — —_ gt — . —_— T
+ (pug +pug' +p" uk + p' uls')‘g;;‘.- (p uk’ +p' uk + o' uk") -g-:—:

. 3(p u’ + p' uk +p' uk' - ' ugh) BCPuK' + 0" up + p'ug' - plugh)
u. - ui T
ap' dTik"'
= - EP_ raanl (B~8)
X4 Xk :
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Write the same equation for the velocity component uj" Hultiply
Eq. (B-8) by uj' and the equation for uj’ by uy', and add these two

equations obtained, then

duitus! du. dus o(p'us’ uy ") 9{p'us’) d{ptus")
—_i_J_+_(._i.j) 1Y Z¥dr 2 9puyh)
P e P oy’ 3 +ug ot /¥ a¢ - uy' CT T S
+u !(5 Uk' + pv Ek + pf ukv - p? uk‘) ggi

j axk

' gt - + v % AT L. 9y i;_'!

M B A N S o

5 Tk P! HoTm ST 9 (ug'us’) ., 3(Pux 4o upkp u o ugR")
+ {(p-u uk’ +p ugt + 2

(P ukt pur’ +p'upt plug XK ui uj 9xk

¥ PR T o8 M 9 —~ - a—u--;—
—uy’ [pug"+p upt plug”) axe ]~ vi' [(pug"+p updp uy ) 3]

{ua(suk”rp'awp'uk“p“u% [ 3(3uk'+p”§k+p'uk“-p°uk')]
“"i.l.jﬂ L ' Ujv

3%y i ¥k
P! P' aTik’ JTik’
SRS ) N LA & ugrTik (3-9)
3 i vy ui

After time averaging Eg. (B~9), the result is written ag

— 3ug'ug ) — %y — 3u 3(p uy 'us !
o ——d— 4 Tyt oy, 3us'wh)
ot 3t at 2t

+ 1 ¥ + 1 1 + ¥ 4 ]
(o Ug ug Prouy’ ug PYouy’ uk') Fax
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- ' - — 3
+ (p ug'u' + p! ui' u + p' uy' u”) ..EJ_

7 Bxk
q.[(auk' + plyy + p'uk,') 3y’ u1 a.(pi-:u " ‘-

9 Xy 3*k

SRR LSRN

. [j.ap +ug' 9?] 4 [ujua'rik', +uiv'8’rik':l

axi ij Bxk Bxk
- (B=-10)
where
. dag'wy | L 3 ")
p[uk'ﬂ;‘i— +2ui uj“-—g'——
dCour')  B(p uy'ug'uw')
=u;' ug' o L1 =k (B-11)
Xy oxXK .
) Diffusion of the correlation uy' Uy
T by the turbulent motion itself

This term 1is dropped for the
incompressible flow, since

ok tw) Lo,y AEtw) o (w)
oXye Bxk .
dug"'
Ay - (B =0
(B) = (By o
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Substitute Eq. (B~6) into Eq. (B-11), we obtain

_ Blug’ uy") 3{puy ")
p {uk“ axk J + 2 I:‘ui' Ujv Bxk J

3piux + plur' ~ pluk')
= e ui? uj an

<+

3p' 1 9(pui'uy'ukh)
-+
3t X

(B-12)

Thus Eq. (B-10) is rewritten as follows:

_ 3uitui") dui duy 3(p'ui‘uy")
LY T elugay telug’ 3T 3t

u. 8(3u1'uj "ug')
3%y

—— %y  ———— 3
+  (puy) uy 3;; + (pui) "ug -y

+ [(D“Ek + 0" u') —-—-__.J_a(;iw“'n} #EER -___J_a(‘;i'“'w)
k 3

-

o un + Sut’ ~ pian’ .
+ [uiiujn (p"uy ax:z &k puk)—l _uiv U.j' gg

3(p'ui’)  A(puy’ Bug’  Qug' dTyx’ 3Tk’ |
=_[ (Puj)+ (p'uy )}_ ﬂ:Pw u 1 )]-{uj" 1k , 975

dx4 9%y ( dx4 x4 oxe T ¥xg J
4 +
The general pressure The tendency~-
diffusion terms towards isotropy o
tem - (B""13)



Since

o B(ui'uj') a(p'ﬁp B(Q_'lik')
(p'uk + plug") axe T ui' uy' “5;;“ + uy' uj'——E;;_——
" T 1 1 3(pn' 1., ] )
a{p' uguy u4 ) + (p'up"uy u4 ) (8-14)

Xk Xk

Eq. (B-13) is written for steady flow as

dug L = ,9 d(pufuj uk'
U v +(puk)'u1'vg;-1i-+ oleng o v )

BxK Ixk
B(Q'Ekui'uj') 3(p'ug'uqi'uy’) o 'B(ui'uj') ‘ 8p"ug'
+ + + puk -ug'uy’
Oxy 9xk X} _ IxK

TR 3(p'ug") (dug' Buy’ STk’ K"
e + BXj :l+ [P' ( 9%y axj ) uj' I%g +ouy! Ixy

(B-15)
where
B(Eui'uj'uk') B(p':kui'uj') B(Q'ui'uj'uk') 3[(puk)'ui'uj']
99X} t 9xk * Ixk - Xy
(B~16)
and
- ' Bp‘uk' _ B[(p'uk')(ui'uj')] - ' Bui'uj'
B e Mk - . 9%k . P uk. OxX)

(B-17)
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Thus Eq. (B-15) is

duy o Bu, . BL(ouk) 'ui'ui"] B[ (p'uk") (ui'wi")]
Yk io Bxk axk

—rT
(Duk)"uj axk

] (uiVUj _9)

+ (pu, + pru, ")
k k dxy

a(p’us’)  3(p'uyi™) vy’ | duy’ o9Tik’® aTik’
- _ J " P + - ujv + ot ——
3y Ox 3xj Jaey, i 9y,

4 g | k
(B-18)
Let us assume
3[ (puy ) *uy vy ] 3P Tu ) (ug Tuy )] . 3P ugTuyu ")
Bxk oxy B 0%y
{B-19)

then we have a system of turbulent fiuctvation equation in a simple

form as

—_— ] —— — v por | ~— —— V.. @
Gutuy’ 22+ Gugtay 2B go s duy
—— dxy axk BXR =

I(Puy’)  3(Puy® dus'  duy’ otTik’ dTjk’
[2regy ¢ RN (BB e 2]
9x4 ox=yg P\ By 333 J ox) 1 By

(B-20)
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_ As Eq. (B-2) showed

Tik = Tik + Tik'

duy _ Bup _ 2 m) aug
(axk + X 3 S1k 9xyg, + 8k axy

thus neglecting the bulk viscosity term, we have

aui' gug' 2, gy
Tik'= ]J(axk + Bxi -3 Gik sz )

(B-21)

Let us assume

AT ug N 'y 2 dug,’
PR S, - L e = 0
U Bk [“ (Bxi "3 61k 3 x4 )]* vi axy [“(axj 3 83k %L,

(B-22)

then the last term on the left hand side of Eq. (B-20) becomes

AT 3Ta 3 3 5 s
T 7 I v
J Bxk

3xk - Bxk axk ) + Bxk Bxk

9 dui'uj' dui' Bui'
x (u 3x )- 21 %, 9=
k k. k

_ _9 ( dui'uj 'y » dui' duj"
Xk Xk oxk Bx?

{(B-23)
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Therefore Eq. (B-20) is simplified to

[Turbulent Fluctuation Equations]

w20 “i; ug' uy
X

(Pu) 'u3’ =+ (puk) 'ugi’ + (ou e ukﬂ-igéftL-

Bxk

(Bm“uj° Bp’ui°\ ot ouj’ . duj’ ( Fui’uy 5 dui’ Juj k
T oxy / P 0X{ z3/ 3 OXK 11 o8k r

(B-24)
Add three equaé:ions above for 1=j=1, 2, and 3 considering the
boundary layer assumption, then we obtain the following turbulent
kinetic energy equation:

[Turbulent Kinetic Energy Equation]

59 X L oo, T K —tp du
puax+(pv+pv)ay = = 2(pv)*u 3y

3 3K du’du’ 3v'3v° ow' ow'\

+ 5w (B 2Py -2u( CAACA AN
By[ oy “o 8y 3y © 3y 3y T 3y 3y |
(B-25)

where Ko =u'u’ + vy 4 ywiy’
and K o =su'u' 4+ vy’ 4 yly?
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